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ABSTRACT

We consider parametric vector equilibrium problem in metric spaces. Sufficent conditions
for the Hélder calm continuity of the solutions are established. We also study the Holder
well-posedness for vector equilibrium problem.
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Title: On the Holder calm continuity and the Holder well-posedness to parametric
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TOM TAT

Chiing 16i xét bai todn cdn bang vecto trong khéng gian metric. Thu duoc cdc diéu kién
du cho sy lién tuc Holder calm cia nghi¢m bai toan. Chiing t6i ciing nghién ciru vé tinh
dat chinh Hélder cua bai toan can bang vecto.

Tir khéa: Bi todn cin bang, tinh lién tuc Hélder calm, tinh dit chinh Holder, tinh lién
tuc Holder, tinh don diéu, tinh don di¢u Holder manh, tinh twa don diéu

1 MO DPAU

Ti wu hoa 1a linh vuc phat trién manh nhat cia toan hoc trong thodi gian qua. Cac
két qua nghién ctru vé huéng nay co vai trd quan trong ci trong toan hoc 1y thuyét
va toan hoc tng dung. Bai toan cin bang la mot trong nhitng bai toan trung tim
cua ly thuyét d6. Bai toan can b::ing duoc Blum, E. and Oettli, W., 1994 dua ra vao
nam 1994 va ké tir d6 bai toan nay di danh dugc nhiéu sy quan tim nghién ciru
clia cac nha toan hoc trong nudc va trén thé gi¢i. Mo hinh bai toan can bang chira
duogc rit nhiéu bai toan quan trong cua t61 wu hoa nhu: bai toan bat dang thic bién
phan, bai toan tdi wu, bai toan dlem bat dong, bai toan diém trung, bai toan mang
giao thong, ... Dén nay da co rat nhiéu bai bao nghién ctru vé sy ton tai nghiém
cua bai toan can bang (xem Ansari, Q.H. and Yao, J.C.,1999; Hai, N.X. and
Khanh, P.Q., 2007a, 2007b, 2007¢; Li, X.B. and Li, S.J., 2010a), tat nhién day la
chu dé quan trong hang dau ctia moi 16p bai toan. Van dé& quan trong ké tiép 1a sy
6n dinh nghiém chi duoc nghién ctru nhiéu trong khoang sau nam gan day. C6 hai
huéng nghién ctru chinh vé su 6n dinh nghiém, huéng thir nhat nghién ctru sy 6n
dinh theo nghia nira lién tuc, lién tuc cua 4nh xa nghiém theo cé hai nghia Berge va
Hausdorff (xem Anh, L.Q. and Khanh, P.Q., 2007a; Anh et al., 2008a, 2008b;
Chen, C.R. and Li, S.J., 2009; Huang, N.J., Li, J. and Thompson, H.B., 2006).
Hudng nghién ctu thtr hai 1a sy lién tuc Holder (Lipschitz) ciia nghiém bai toan
phu thudc tham sb (xem Ait Mansour, M. and Raihi, H., 2005; Anh et al., 2006,
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2008a, 2009; Bianchi, M. and Pini, R., 2003; Li et al., 2010b). Chung toi nhan thiy
rang trong sy on dinh nghiém, tire la van de vé hau tbi uu, viée danh gia d¢ 1éch
ctia nghiém bai toan nhiéu so v6i nghiém cua bai toan ban dau la rat quan trong va
6 y nghia img dung cao. Do d6 trong bai bao nay ching tdi dé xuit hudng nghién
ctru ve tinh lién tyc Holder calm cho anh xa nghiém cua bai toan can bang phu
thudc tham s6. Pay 1a dang trung gian giia tinh lién tuc va tinh lién tuc Holder cua
anh xa nghiém. Hon nira, ching t6i cling nghién ctru vé su dit chinh theo nghia
Holder cua nghiém bai toan can bang. Chu d€ nay rat gan voi tinh 6n dinh va cé
vai tro rat quan trong trong viéc thiét 1ap thuat toan giai.
Bai b4o duoc cdu tric nhu sau. Phan tiép sau ciia muc nay ching toi gidi thidu mo
hinh bai todn can bang va cac két qua duoc st dung & cac phan tiép theo. Muc 2
chung t6i nghién ctru cac diu kién da cho tinh lién tuc Holder calm cua bai toan
can bang phu thudoc tham s6. Muc 3 trinh bay két qua v€ sy dat chinh theo nghia
Holder cua bai toan can bang. Do sy ton tai nghiém cua bai toan can bang da duogc
nghién ctru rat nhieéu, nén trong bai bao nay chung t6i ludn gia thiét tdp nghiém la
khong rong trong 1an can cua diém dang xét.
Trong bai bao nay néu khong gia thiét gi thém, chiing t6i xét X, A, M 1a cac khong
gian metric va R 13 tdp hop cac s6 thyc. Dé thudn tién ta ky hiéu chung cac metric
trong cac khong gian nay 1a d(.,.), ngli canh s& xac dinh d6 la metric cua khong
gian ndo. Xét 4 X 1a tap con khong rong, K : A — 2" 1a 4nh xa da tri c6 gi4 tri
khong rSng va f:AXAXM — R 1la ham don tri gid tri thuc. Véi mdi
(A, 1) AXM , ta xét bai toan can bang phu thudc tham sb sau day:
(EP) Tim xe K(A) sao cho
Sx,y,1)20,Vye K(4).

Tap nghiém cia cac bai toan (EP) tai diém (A4, 1) dwoc ki hiéu 1a S(4, ).
Pinh nghia 1.1 Xétanhxa f/: X > R.

(i) f dugc goi 1a lién tuc L.or—Holder tai ¥, néu ton tai lan cdn U clia X sao

cho
‘f(xl)_f(XZ)‘ Slda(xlaxz)avxlaxz el;

(i1) f duoc goi la lién tuc L.a—Holder calm tai x, néu ton tai 14n cdn U cua
X sao cho
(%)= f(X)|<1d“(x,%),Vxe U.
Trong d6 [, >0 1a cac hang so.
Tt dinh nghia ta théy ré'mg néu anh xa f lién tuc Holder tai x thi f lién tuc

Holder calm tai x . Thi du sau day chi ra r::ing chiéu nguoc lai cua khé‘ing dinh trén
no6i chung khong diang.

Thi du 1.1 Xét [ :[1,+00) —[0,+e0) dugc xac dinh bdi
X, neu xe€ Q,

f(x) =

1
—,neux¢ Q,
X
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trong d6 Q 1a tap hop cac sd hiru ti.
Ta c6 f 1a lién tuc 1.1—Holder calm tai x=1. That vay, v6i mdi xe [l,+),

néu xe O thi d(f(x), f(1))=|x~1

, vanéu xe Q thi

1 x—1
d(f o, f) =1 == ey,

X X
Ta luu ¥ rang néu f lién tuc Holder tai x =1, khi d6 sé& ton tai 1an can U cua 1 dé f
lién tuc Holder calm tai moi xeU. Nhung voi moi x=#1, ta c¢6 cac day

[ QN [L+ee) [ {y,} c[L+)\Q hoi tu v& x. Vi x#2, nén néu xeQ thi
X
f(y,) khoéng hoi tu vé f(x)=x, con néu xeQ thi f(x,) khong hoi tu vé

f(x)= 1 . Ma x tuy y nén ta suy ra f khong lién tuc Holder tai x=1.
X

V6i 4,B c X, ta dinh nghia
d(a,B)= ibng d(a,b);

H*(A,B)=supd(a,B);

H(A,B)=max{H *(A4,B),H *(B, A)};
p(4,B)= sup d(a,b).

acdbeB
Tur dinh nghia ta théy rfing, voimoi 4, Bc X,
H(A,B)< p(A,B).
Thidu 1.2 Xét 4=[0,1],B=(2,4),tacod
d(1,B)=infd(1,b)=1;
H*(A,B)=supd(a,B)=2;

H(A,B)=max{H *(A4,B),H *(B, A)} = max{2,3} =3;
p(A4,B)= sup d(a,b)=4.

ae A,be B
Pinh nghia 1.2 Xét anh xada tri K: X —2".
(i) K duoc goi la lién tuc Lo—Holder tai X, néu ton tai 1an can U cua ¥ sao
cho
H(K(x),K(x,)) <1d”(x,,x,),Yx,,x, € U,
(i) K duogc goi la lién tuc Lo —Holder calm tai X, néu ton tai lan can U cia
X sao cho
H(K(x),K (%)) <1d“(x,%),Vxe U.
Trong d6 /,e:>0 1a cac hang sb.

Dinh nghia 1.3 Ham f: AxAXM — R dugc goi la lién tuc m.f—Holder calm véi
6 —tuong Ung tai e M, néu ton tai lan can V cua 7] dé
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Trong d6 m, 5,6 >0 la cac h?lng $6.

Pinh nghia 1.4 Cho ham s6 f: XxX — R. Véi h, >0 cho trude.
(i) f dugc goi la gia don diéu h.8—Holder manh trong S < X néu voi moi
x,ye S, x#y,
[f(x,9)20= f(3,%)+hd"(x,y) <0].
(i1) f duogc goi la tyra don diéu trong S ¢ X, néu v&i moi X, yE S, x# Y,
[f(x,»)<0= f(y,x)20].

(iii) f dugc goi la don di¢u A.f—Holder manh trong Sc X, néu voi moi
x,ye S,x#y,

S+ f(3,%)+hd” (x,) < 0.
D@ thdy rang néu f don diéu 4.8—Holder manh trong S thi f gia don diéu
h. —Holder manh trong . Gia thiét sau day vé tinh Holder dong vai tro cbt 15i
trong viéc nghién ctru sy lién tuc Holder calm ctia anh xa nghi¢m bai toén (EP).

(M) Vi diém dang xét (1,)e AxM, ton tai 1an can U(1) cta 1 sao cho,

hd’ (x,y)<d(f(x,y,1),R,)+d (f(y.x. [),R,).Vx,ye K(U(A)),x# y,
v6i h, B 1a cac hang s duong.
Diéu kién (M) trong c6 vé phire tap, ménh dé sau sé& cho ta thdy diéu kién (M)
¢6 quan hé rat gan vai tinh don di€u cua anh xa f.
Ménh dé 1.1
() Néu f:XxX — R théa man diéu kién (M) thi f gia don diéu h.f—Holder
manh trong S.
Nguwoc lai, néu f twa don diéu va gia don diéu h.p— Hdélder manh trong S thi
[ théa mén diéu kién (M).
(ii) Néu f:XxX — R la don diéu h.p—Hélder manh trong S < X thi f théa
man diéu kién (M).
Chitrng minh
(i) Gia thié f théa méan diéu kién (M). Gia st f(x,y)>0. Khi d6
d(f(x,y),R)=0, vanéu f(y,x)=0 thi d(f(y,x),R,)=0 va diéu kién (M) suy ra
hd”(x,y)<0. Piéu nay vo 1y vi 7>0 va x#y. Do d6 f(y,x)<0. Khi do
d(f(y,x),R,)=—f(y,x), nén didu kién (M) tr¢ thanh hd”(x, y)<—f(y,x). Diéu nay
twong duong véi f(y,x)+hd?(x,y)<0, thc 1a f gid don diéu .- Holder manh
trong S
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Nguoc lai, néu f la gia don di€u h.f—Holder manh va tya don di€u trong S. Ta
ching minh f théa man diéu kién (M). That vdy, néu f(x,y)=0, tic la
d(f(x,y),R)=0, ddng thoi tinh gia don diéu 4.5 —Holder manh cia f suy ra
Sy, x)+hd” (x,y)<0. (1)
Néu f(y,x)20 thi d(f(y,x),R,)=0 va (1) suy ra hd”(x,y) <0. Diéu nay vo
Iy vi h>0 va x#y.Néu f(y,x)<0 thi d(f(y,x),R,)=—f(y,x). Khi d6 tur (1) ta
co
hd’ (x,y) <d(f(y.%),R,)
hay f thoa man diéu kién (M).
Con néu f(x,y)<0, ta ¢ d(f(x,y),R)=—f(x,y) va f tua don diéu nén
S (¥,x)20. Khi d6 d(f(y,x),R,)=0 vay gia don diéu h.f—Holder manh nén
S, y)+hd? (x,y) <0 & hd” (x,y)<d(f(x,y),R,),
tic 1a f thoa mén diéu kién (M).
(ii) Gia thiét f: XxX — R 1a don diéu h.3—Holder manh trong S < X, tirc
la
S+ f(r,0)+hd” (x,y) 0. 2)
Néu f(x,3)20,f(y.%)20 < d(f(x,y).R)=d(f(y,x),R,)=0, thi tr (2) ta
suy ra hd”(x,)<0. Piéunay voly vi h>0 va x#y.
Néu f(x,7)<0, f(y,%)<0, suy ra
d(f(x,y),R+) = _f(xay) s d(f(y,x),R+) = _f(yax) .
Nén ta suy ra diéu kién (M) nghiém dung.
Néu f(x,»)>0, f(y,x)<0, thi tir (2) ta suy ra
hdﬁ(xay) < _f(yax) = d(f(yax)7R+) .
Tir day ta c6 didu kién (M) vi d(f(x,y),R,)=0.
Néu f(»,x)=0, f(x,y)<0,thi theo (2) ta cb

hd” (x, ) < =f(x, ) =d(f(x,¥),R,) .
Do d6 ta c6 diéu kién (M) vi d(f(y,x),R,)=0.

2 TiNH LIEN TUC HOLDER CALM CUA ANH XA NGHIEM
Trong myc nay chung toi nghién ciru diéy kién du cho tinh lién tuc Holder calm
cua nghiém bai toan can bang, va gid su rang S(A, 1) #J voi moi (A4, 1) trong lan
can cua diém dang xét (1, f1).
Pinh Iy 2.1 Xét bai todn (EP), gid sir rang cdc diéu kién sau ddy nghiém ding:
(i) ton tai cac lan can U(A) cua A va V(@) cua H sao cho f lién tuc
.0, —Hélder calm 0-tuwong vmg véi KU(A)) tai u va véi moi
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xe KUA)) va ue V(@), dnh xa f(x,.,u) lién tuc n,.5,—Hdlder trong
KUA));
(i) gid thiét (M) théa man;
(iii) vdi méi Ae UA) va xe K(U(R)), K lién tuc Lo —Holder calm tai 1 ;
(iv) g>06.
Khi d6, véi moi (A, i) trong mot lan cdn cia (A,H1), tdp nghiém cua bai todn (EP)
théa man diéu kién lién tuc Holder calm véi khoang cach p, tuc la
P(S(A, ), (A, 1)) < kd ™ (2, )+ kyd P2 (12, po),
trong do k, va k, la cac hc?ng 50 dwong phu thugc vao h,,9,,6,,0, ...
Chirng minh: Liy le U(X) va ue V(Q).
Budre 1: Ta chimg minh rang, voi mdi x(4, /) e S(A, 1) va x(A,ji)e S(A, ),

= 2n,1% i =

d, =d(x(1,1),x(4, y))s[zj d*’(2,2). 3)

Ta chi can xét x(1, ) # x(A, fi), do (iii) nén ton tai ¥ € K(1) va xe K(A) sao cho
d(x(Z, @), x)<1d* (2, A), )
d(x(A,f),x)<1d*(A, Q). 5)

Theo dinh nghia cua bai toan (EP), ta co

f(x(Z,2).%, ) 2 0, (6)
f(x(/laﬁ)oxaﬁ)zo' (7)

Tir gia thiét (ii) suy ra
d (f (A, 1), x(A B), O, R, )+ d ( f (x(A, &), x(Z, ), FO), R, ) > hd!.
Két hop véi (6) va (7) ta duoc
d (f (x(A, ), X(A, 1), J0), [ (x(A, [0), X, /) +
+ d (£ (A ), x(A D), J), | (X(A. D), %, JD)) 2 hdly .
Theo gia thiét (i) vé tinh lién tuc n,.5, — Holder theo thanh phan thir hai cia f
trong K(U(A)) ta suy ra
nyd® (x(A,1),x)+n,d® (x(A, 1), %) 2 hd}.
Tir (4) va (5) ta co
m1%d" (A, )+ n,1%d**> (1, A) > hd?,

5 B
hay d? < %d“ﬁz (4, ), tire 1a (3) duoc chirng minh.

Budre 2: Ta chimg minh rang, v&i mdi x(A, @)e S(4, /1) va x(A, u)e S(A, 1),
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1/(-6)
d, =d (x(A, ), x(A, 1)) < ['2) d*70 (@, p). (8)
Ta chi can xét x(4,7)# x(Au). Vi x(A M), x(Au)e K(A), va x(A,u),
x(A, ) 1a cac nghiém cua bai toan (EP), nén ta co

S (x(A, ), x(A, ), 1) > 0, )
S (x(A, 1), x(A, 1), 12) 2 0. (10)

Tir gia thiét (ii) suy ra
d (f (A, x(A 1), D), R, )+ d (f (x(Au ), 5(A, D), D), R, ) = hl.
Két hop véi (9) va (10) ta dugc
d (f (A 1), x( A, ), 2, [ (X(A, p2), (A, D), 1)) 2 "
Do vay, theo gia thiét (i) ta suy ra
nd?d® (i, u)>hd? .

Diéu nay twong duong véi d/¢ < %d‘s1 (&, 1) , hay ta c6 (8).

Buée 3: Voimoi x(4, 1) e S(A, 1) vamoi x(A, u)e S(A, i), ta cd
d(x(z,ﬁ),x(l,,u)) < d] +d2'

. 1% VB . B0
Tu (3) va (8), néu dat £, =( 2 ) va k, = (1] , thita c6
h h

P(S(A, 1), S(A, ) < k,d“>"* (A, )+ k,d* /" (@@, u) .
Vay dinh ly dugc chirng minh xong.

Thong thuong dé thu dugc mot tinh chat nao d6 cua anh xa nghiém, thi dit liéu cua
bai toan ciing thoa min & muc d6 twong ung. Ta thiy rang trong cac gia thiét cua
Dinh 1y 2.1 déu dé cap dén tinh lién tuc Holder va tinh lién tuc Holder calm, trir
gia thiét (M). Thi du sau cho thay rang gia thiét (M) 1a khong bo dugc.

Thi du 2.1 Ta xét truong hop A=M =A=R,K(A)=[-1,+=) voi moi Ae R, va anh
xa muc tiéu f* dugc xac dinh bdi

Sy, A)=x+y+|1].
Xét 2=0.Takiém tra f thoa min diéu kién (i).
Ta co
/ey, A) = f(x,,0)|= | 4], Vx, y € [=1,+00).
Tacla f lién tuc 1.1-Holder calm 0 — twong ung voi [—1,+e0) tai 0.
Mat khac,
Sy D= (57, =|y-¥

> vy € [_17 +°°)9
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nén f lién tuc. 1.1—-Holder trong [~1,4+e). Nhu vay f thoa man gia thiét (i) cua
Dinh Iy 2.1. Hién nhién gia thiét (iii) nghiém dung. Nhung ta co,
S(0) =[1,4),S(A) =[1-] A],+0), vOi A V(0).
Khi d6 ta c6 ngay
P(S(2),5(0)) = +oo.

Do d6, S khong lién tuc Holder calm tai A=0. Ly do 1a gia thiét (i) khong
dang. That vay, ta c6

d(f(1,2,0),R,)+d(f(2,1,0),R,)=0<h|1-2"=h,Vh, 3 > 0.
Vay gia thiét (M) trong dinh Iy trén 1a khong bo dugc.

3 SU PAT CHINH HOLDER CUA BAI TOAN CAN BANG

Cho X, 4 nhu & ph?m mé dau va K < A, f: KxA— R. Ta xét bai toan can bi‘ing co
dang nhu sau:

Tim xe K sao cho f(x,y)>0,Vye K.
Ta ky hi¢u S 1a tdp nghiém cuia bai toan trén.

Ta xét truong hop tap rang budc K bi nhidu béi tham sé A trong khong gian
metric A, tclad K: A — 2. Voimbi Ae A, ta xét bai toan sau.

(EP,) Tim X e K(A) sao cho f(x,y)20,Vye K(A).

Ung véi Ae A, taky hiéu S(A) 1a tap nghiém clia bai toan (EP,).

Gia sir rang bai toan gdc la tmg vé6i gia tri thamsé A=1, tic 1a S = S(4).

Véimdi Ae A, £ >0, ta xét bai toan xap xi cta bai toan (EP,) nhu sau

(EP,;): Tim x € K sao cho, Vye K,

f(x,y)+e20.

Tap nghiém ctia bai toan (EP, ;) duoc ky hiéu 1a S(e, A).
Dé don gian trong cach trinh bay, ta viét bai toan (£2) thay cho ho cac bai toan
{(EP,):Ae A}. Ching t6i m& rong khai niém dit chinh Lipschitz cta bai toan toi
uu do E. Bednarczuk dé xuat nam 2007, cho bai toan can bang nhu sau.
Pinh nghia 3.2 Bai toan (£7) dugc goi la dat chinh Holder tai 2 néu

(i) S(0,2) khong rong;

(ii) S lién tuc Holder calm tai (0,4).

Khi bac Holder ctia § bang 1, ta noi rang (£2) 1a dat chinh Lipschitz tai 4

Dinh 1y sau day cho ta diéu kién di vé tinh dat chinh Holder cta bai toan (£2).
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Pinh Iy 3.1 Gid sit S(1)#D va cdc diéu kién sau day nghiém diing:

() ton tai lan cgn UA) cia A sao cho véi moi xe K(U(A)), dnh xa f(x,.)
lién tuc n,.0,— Holder trong K(U(A));

(i) hd”(x,y)<d(f(x,y),R)+d(f(»,x),R),Vx,ye K({UA)),x#y, véi hf la
cdc hang so duong;

(iil) véi moi Ae U(A) va moi xe K(U(R)), K lién tuc l.a—Hélder calm tai A.
Khi dé6 bai toan (£P) la dat chinh Hélder tai A.
Chirng minh: Ta xét ham s6 g : Ax AX[0,+e) — R xéc dinh boi

g(x,y,&)=f(x,y)+e

Khi d6 dé chimng minh Dinh 1y 3.1, ta chi can kiém tra ham s g théa méan cac gia
thiét (i) va (ii) cua Pinh 1y 2.1.

Kiém tra gia thiét (i).

Goi ¥V la lan can cia O trong [0,+c), thi v6i moi eeV va
X, V€ K(U(/T)), x#y, taco

|g(x,y,8) = g(x,3,0)| =|f(x, )+ €~ f(x,y) 0| =€,

didu nay c6 nghia la g lién tyc 1.1—Holder calm 0—tuwong tng véi K (U (/T)) tai 0.

Ta cling c6

g y.8) = g7, =|f (6, )~ [ (2. 7) S mpd* (1.7,

nén g lién tyc n,.5, — Hélder theo thanh phén thir hai trong K (U(4)).

Viy g thoa man gia thiét (i).
Kiém tra gia thiét (ii).

Véimdi x,ye K(U(Z)), x#y, tacod

d(g(x,,0),R,) +d(g(y,x,0),R,) = d(f(x,), R,)+d(f (3, %), R,) = hd” (x, ).
Tuc la g thoa man gia thiét (ii).
Véay ham g thoa méan cac diéu kién cua Dinh ly 2.1, tic 1a anh xa nghiém cua bai

toan (£P) lién tuc Holder calm. Theo Pinh nghia 3.2 ta suy ra diéu can
chiing minh.

4 KET LUAN

Vi cac gia thiét vé sy lién tuc Holder va lién tuc Holder calm ddi véi khoang Cé,Ch
Hausdorff, chung t6i da thu dugc su lién tuc Holder calm cua 4nh xa nghiém d6i
voi khoang cach p, tinh chat nay manh hon tinh chat lién tuc Holder calm theo
khoang cach Hausdorff. Ddng thoi ching t6i ciing thiét 1ap dugc didu kién du cho
78
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su dat chinh Holder cho bai toan cin bang. Day 1 nhirng hudng nghién ctru méi
va c6 thé dugc md rong cho nhiéu 16p bai toan khac trong t6i wu hoa. Két qua dat
dugc trong bai bao nay co thé ap dung vao cac trudng hop dic biét cua bai toan
can b::ing nhu: bai toan bién phan, bai toan ti wu, bai toan diém bat dong, bai toan
diém trung,... dé co duoc cac két qua twong tng.
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